
Paying a dollar

Problem

In how many combinations of half-dollars, quarters, dimes,
nickels and pennies can you pay out one dollar ? You can
assume you have enough coins for any combination and any
coins of one denomination are indistinguishable.

We will look at tuples (h, q, d, n, p) where h is the number of half-
dollars, q the number of quarters, d the number of dimes, n the number
of nickels and p the number of pennies. We want to consider all tuples
(h, q, d, n, p) such that:

50h + 25q + 10d + 5n + p = 100

We want to determine how many such tuples exist. Let’s establish
what the possible values for h, q, d, n and p can be:

Denomination Possible Values Values range size

h 0, 1, 2 3

q 0, 1, 2, 3, 4 5

d 0, . . . , 10 11

n 0, . . . , 20 21

p 0, . . . , 100 101

Clearly h, q, d, n and p cannot take values outside of the ones listed
because it would violate the requirement: 50h + 25q + 10d + 5n + p =

100.
The multiplicity principle tells us there are 3 ∗ 5 ∗ 11 ∗ 21 ∗ 101 =

349965 distinct tuples from the possible values.
But not all of them fulfill 50h + 25q + 10d + 5n + p = 100. To figure

out how many of them do let’s introduce the following notation:

#(h, q, d, n, p)x = |{(h, q, d, n, p) : 50h + 25q + 10d + 5n + p = x}|
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so #(h, q, d, n, p)x is the number of tuples of half-dollars, quarters,
dimes, nickels and pennies that add up to x. We are looking for
#(h, q, d, n, p)100.

We also use #(q, d, n, p)x for tuples of quarters, dimes, nickels and
pennies that add up to x, #(d, n, p)x for dimes, nickels and pennies that
add up to x etc.

The half-dollar denomination has the smallest values range size so
it’s probably in our favor to start with it and break down the problem
into smaller problems from there. It is clear that

#(h, q, d, n, p)100 = #(q, d, n, p)100 + #(q, d, n, p)50 + #(q, d, n, p)0

because #(q, d, n, p)100 comes from h taking value 0, #(q, d, n, p)50

from h taking value 1 and #(q, d, n, p)0 from h taking value 2. Contin-
uing down this path and breaking down the q cases:

#(q, d, n, p)100 = #(d, n, p)100 + #(d, n, p)75+

#(d, n, p)50 + #(d, n, p)25 + #(d, n, p)0

#(q, d, n, p)50 = #(d, n, p)50 + #(d, n, p)25 + #(d, n, p)0

#(q, d, n, p)0 = #(d, n, p)0

This is getting tedious though. Maybe we can find a closed-form
formula for #(d, n, p)x. Let’s try to find one for #(n, p)x first.

Lemma 1.1. If x = 5y then

#(n, p)x = y + 1

Proof. n can take values in range 0, . . . , y and for each value of n there
is only one possible value of p = x − 5n.

Lemma 1.2. If x is a multiple of 5 then

#(d, n, p)x =

(y + 1)2 if x = 10y

(y + 1)(y + 2) if x = 10y + 5

Proof. Let’s deal with the case x = 10y first.
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#(d, n, p)x =
y

∑
k=0

#(n, p)x−10k

=
y

∑
k=0

#(n, p)10(y−k)

=
y

∑
k=0

#(n, p)10k

=
y

∑
k=0

(2k + 1)

= (y + 1)2

The case x = 10y + 5 is established in a similar fashion.

We can now use the two lemmas to compute the number of combi-
nations:

#(h, q, d, n, p)100 = #(d, n, p)100 + #(d, n, p)75+

2#(d, n, p)50 + 2#(d, n, p)25 + 3#(d, n, p)0

= 112 + 8 ∗ 9 + 2 ∗ 62 + 2 ∗ 3 ∗ 4 + 3

= 292


