Groovy Numbers

x € R is said to be a groovy number iff 3 n € IN such that
x = \/n+ /n+ 1. Prove that if x is groovy, then Vr € N : x" is
groovy.

Binomial Expansion
In this section we explore a property of the binomial power expansion

(a+b) = i <I:) a’ Fpk

k=0
We define N, = {k € Ny : 0 < k < r} and its partition into two
subsets N, = E, UO,, with E, = {k € N, : k = 2u,u € Ny} and
O, ={keN,:k=2u+1,u€Np}. We then partition the binomial
power expansion into two sums:

(a+b) = Zr: (;;) A=) (;{) a4+ Y (;{) " kpk

k=0 keE, keO,

Let

E(a,b,r) = Z <£>arkbk and O(a,b,r) = Z (;;) a kv

keOy

= (E(a,b,r) +O(a,b,r))(E(a,—=b,r) +O(a, —b,r))

But
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E(a,—b,r) = E(a,b,r) and O(a, —b,v) = —O(a, b,r)

SO

(a* —b?) = (a+b)" (a—b)
= (E(a,b,r)+0O(a,b,r))(E(a,—b,r) + O(a, —b,r))
= (E(a,b,r) 4+ O(a,b,7))(E(a,b,v) —O(a,b,r))
= E(a, b,r)2 —O(a,b,r)2

We therefore proved

Lemma 1.1.

(a2 - b2)r = E(a, b,r)2 —O(a, b,r)2

Solution

Using lemma 1.1 with a = /n and b = V/n + 1, we get

(-1)" =E(Vn,Vn+1,r)?—-0WnvVn+1,r)?

Lemma 1.2.

E(vn,vVn+1,r)? €N,
O(vVn,Vn+1,r)?eN

Proof. We will look at two cases: r even and r odd.
Case 1. For r = 2u even we have

N

E(v/n,vVn+1,2u) ”) (V)22 (/n 4+ 1)%
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so E(v/n,v/n+1,r) € N, and therefore E(y/n,vVn +1, r)2 € NN.



O(vn,Vn+1,2u) = uil 2k2_7_ 1) (V)22 ()R
k=0
- \/n\/ﬁﬁ :_: <2k21 1) (Ve (V1%
B ()R
- \/m:i; <2k21 1) 200-K)1 (5 4 1)k
50 O(v/n,v/n+1,r)* € N.

Case 2. r = 2u + 1 is handled in a similar fashion by factoring out \/n
and v/n + 1 with the remainder € IN.
O

From lemma 1.2 and equation (L) it follows that E(y/n, v/ + 1,7)? and
O(y/n,+v/n +1,r)?* are consecutive natural numbers. Let

m = min(E(v/n,vVn+1,r)2,0(v/n,vVn+1,r)?) e N
Then

Y=(Wn+vn+1) =vVm+vVm+1
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