Grasshopper jumping
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Let a1,ay,...,a, be distinct positive integers and let M be a set
of n — 1 positive integers not containing s = a; +ax+... +a,. A
grasshopper is to jump along the real axis, starting at the point
0 and making 7 jumps to the right with lengths a1, 4y, ..., a4, in
some order. Prove that the order can be chosen in such a way
that the grasshopper never lands on any point in M.

We use induction on n and we use the problem as our induction
hypothesis with one modification: set M has at most # — 1 elements.

The base case n = 2 is trivial.

Let A={a;:1<i<n}and M = {m; : 1 <i < n}. Assume
ap <ay <...<ayand m <my <...<my,_1. For the induction step
we have several cases.

Case: 0, € M

Thereisan/:1 <[ <n:m; =ay,.

If | = n —1: there is an index k for which a; ¢ M. Then the order
{k,n,...} never lands on any point in M because ay + a, > m,_.

If | <n—1: Define M' = {my,my,...,my_1}U{my 4 —an,... m,_1—
an}. Use integers a4, ...,a,_1 and M’ as induction step to get an order
Ar(1)r+ 1 Br(n—1) with T € S,,_1.

an(l) ¢ M’ and an(l) < ay, SO an(l) ¢ M.

Ary & M1 —an, ..., My_1—an}, 80 ayqy+an & {myq,..., Mmy_1}.
Also a1y +an > ay 80 Ay +an ¢ {my,my,...,m_1}. That means
1/'!7.((1) +ay, Q M.

We continue with similar reasoning with the rest: a,,(1) +an +a,(3) ¢
M because a, (1) + az) & {Miy1 —an ..., My_1 — an}, S0 Ayq) + an +
Ar) & Mg, ..., my 1} and az gy + an + azp) > an ete.

This means {7t(1),n,7(2),...,t(n —1)} is a valid order.
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Case: 0, ¢ M
If there is an m; < a, then we can use the induction step with inte-
gersay, ay, ..., ay—1and set M' = {m; 1 —ay, mjsp—apn, ..., My_1 —ay}
to find an order and prepend a, to that order.
If not, thenV1 <i<mn:m; > ay,.
2;1:_11 aj > my because otherwise we could have used order {1,2,...,n}.
We have a1 < a,, < mq and 27;11 aj > my, so there exists an 1 <1 <

n — 1 such that s’ = Z§:1 aj < my.

Define M' = {my — a,, m3 —ay, ..., m,_1 — a,} and use M’ with the
integers ai,4ay,...,a4,—1 in an induction step which gives us an order
TES,,_1.

Since a,() < mj; and 27;11 An(j) = my thereexistsan1 </ <n—1
such that Z;.;% fy(j) < my and Z}:l Ap(j) = M.

We look at the order {7z(1),..., (Il —1),n,7(l),...,m(n —1)} and
claim it is a valid order.

Indeed Z;.;% r() < my, so jumps {7(1),...,7(l —1)} won’t en-
counter anything from M. We also have

-1 1
Y n()Fan > ) anG) = m
j=1 j=1

which means {7(1),...,7(l —1),a,} will avoid mj. It will also
avoid anything from M \ {m;} because {7t(1),..., (I — 1)} avoids
anything from M’. The rest of the order is already bigger than m;
and avoids M \ {m; } by induction.
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