
Divisible by three

Loop invariants and a constraint relaxation are used to solve this
problem.

Problem

Show that an integer is divisible by three iff the sum of its digits
in decimal representation is divisible by three.

The following proof is a delightful example of unconventional think-
ing1. 1 Unfortunately I don’t know the ori-

gin of this proof and I don’t remember
where I first saw it.

We have to work with the digits in decimal representation of some
integer n. Let’s denote with s(n) the sum of those digits. We will prove
something stronger than the problem:

s(n) = n− 9k, for some k ∈ Z

The delightful twist that we are going to use is a relaxation of deci-
mal representation: we will allow digits bigger than nine. We will then
heal the representation back to decimal digits less than ten in a loop
while maintaining s(n) = n− 9k as a loop invariant.

We start with a representation with just one digit, namely n itself:

n = ∑
i=0

di10i, with d0 = n and ∀i > 0 : di = 0

This is not yet a valid decimal representation if d0 > 9, but the loop
invariant does hold: s(n) = ∑i=0 di = n = n − 9 · 0. In a loop we
now keep subtracting ten from d0 and adding a carry-over one to d1

until d0 ≤ 9. Each time through the loop d1 increases by one and d0

decreases by ten, so s(n) = ∑i=0 di decreases by nine:
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d1 ← d1 + 1

d0 ← d0 − 10

s(n)← s(n)− 9

This means the loop invariant s(n) = n− 9k is maintained during
the healing of d0. Eventually d0 ≤ 9. We then look at d1 and heal it
similarly, carrying over to d2 and subtracting ten from it. Again the
loop invariant holds. We repeat this for all digits until all are healed.
The healing has to finish because n is a finite integer with a finite deci-
mal representation. In the end we have a valid decimal representation
and the loop invariant still holds which proves our problem.

112

1 102

2 92

3 82

4 72

10 12

11 2

1 1 2

<latexit sha1_base64="my6LlFaRtgmOdr/6EIZVp53GrnU=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQF5aZUrQuhIIblxXsA9qhZDKZNjSTDElGKEN3bvwVNy4UcesvuPNvTNtZaOuB5B7OuZfkHj9mVGnH+bZyK6tr6xv5zcLW9s7unr1/0FIikZg0sWBCdnykCKOcNDXVjHRiSVDkM9L2RzdTv/1ApKKC3+txTLwIDTgNKUbaSH37WJVct3IGr6Ep2X0OHdjDgdDwqm8XnbIzA1wmbkaKIEOjb3/1AoGTiHCNGVKq6zqx9lIkNcWMTAq9RJEY4REakK6hHEVEeelsjwk8NUoAQyHN4RrO1N8TKYqUGke+6YyQHqpFbyr+53UTHda8lPI40YTj+UNhwqAWcBoKDKgkWLOxIQhLav4K8RBJhLWJrmBCcBdXXiatStm9KFfvqsV6LYsjD47ACSgBF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrTkrmzkEf2B9/gAu9JRs</latexit>

s(112) = 112 = 112� 0 · 9

<latexit sha1_base64="TLkuQqGaECAQCH2eSzv2gxoO/8w=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQF5ZJLVoXQsGNywr2Ae1QMplMG5qZDElGKEN3bvwVNy4UcesvuPNvzLRdaPXAvRzOuZfkHi/mTGnH+bJyS8srq2v59cLG5tb2jr2711IikYQ2ieBCdjysKGcRbWqmOe3EkuLQ47Ttja4zv31PpWIiutPjmLohHkQsYARrI/XtQ1VCqHICryByzrKOKvAUItgjvtDwsm8XnbIzBfxL0JwUwRyNvv3Z8wVJQhppwrFSXeTE2k2x1IxwOin0EkVjTEZ4QLuGRjikyk2nd0zgsVF8GAhpKtJwqv7cSHGo1Dj0zGSI9VAtepn4n9dNdFBzUxbFiaYRmT0UJBxqAbNQoM8kJZqPDcFEMvNXSIZYYqJNdAUTAlo8+S9pVcrovFy9rRbrtXkceXAAjkAJIHAB6uAGNEATEPAAnsALeLUerWfrzXqfjeas+c4++AXr4xswf5Rt</latexit>

s(112) = 103 = 112� 1 · 9

<latexit sha1_base64="bkJHIt46c9tKkyFPd5arzJxrT4E=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1IVlphRtF0LBjcsK9gLtUDKZTBuaSYYkI5ShKze+ihsXirj1Gdz5NqbtLLR6IOHj/88hOb8fM6q043xZuZXVtfWN/GZha3tnd8/eP2grkUhMWlgwIbs+UoRRTlqaaka6sSQo8hnp+OPrmd+5J1JRwe/0JCZehIachhQjbaSBfaxKrls5g1ewXjWXYXgOK7CPA6FhfWAXnbIzL/gX3AyKIKvmwP7sBwInEeEaM6RUz3Vi7aVIaooZmRb6iSIxwmM0JD2DHEVEeel8jSk8NUoAQyHN4RrO1Z8TKYqUmkS+6YyQHqllbyb+5/USHda8lPI40YTjxUNhwqAWcJYJDKgkWLOJAYQlNX+FeIQkwtokVzAhuMsr/4V2pexelKu31WKjlsWRB0fgBJSACy5BA9yAJmgBDB7AE3gBr9aj9Wy9We+L1pyVzRyCX2V9fAPMuZQ9</latexit>

s(112) = 94 = 112� 2 · 9

<latexit sha1_base64="jRrnljylODy7RBR6Toh3pIc5TIk=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1IVlplatC6HgxmUFe4F2KJlMpg3NJEOSEUrpyo2v4saFIm59Bne+jWk7C209kPDx/+eQnN+PGVXacb6tzNLyyupadj23sbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/cHNxG8+EKmo4Pd6GBMvQj1OQ4qRNlLXPlQF1y2dwGtYOTeXYXgKz2AHB0LDq66dd4rOtOAiuCnkQVq1rv3VCQROIsI1ZkiptuvE2hshqSlmZJzrJIrECA9Qj7QNchQR5Y2ma4zhsVECGAppDtdwqv6eGKFIqWHkm84I6b6a9ybif1470WHFG1EeJ5pwPHsoTBjUAk4ygQGVBGs2NICwpOavEPeRRFib5HImBHd+5UVolIruRbF8V85XK2kcWXAAjkABuOASVMEtqIE6wOARPINX8GY9WS/Wu/Uxa81Y6cw++FPW5w/ORJQ+</latexit>

s(112) = 85 = 112� 3 · 9

<latexit sha1_base64="1AHNw3LGsmOuKpY+Z2cFycIThts=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1IVlppS2LoSCG5cV7AXaoWQyaRuaSYYkI5ShKze+ihsXirj1Gdz5NqbtLLT1QMLH/59Dcn4/YlRpx/m2MmvrG5tb2e3czu7e/oF9eNRSIpaYNLFgQnZ8pAijnDQ11Yx0IklQ6DPS9sc3M7/9QKSigt/rSUS8EA05HVCMtJH69qkquG7pAl7DasVchuElLMMeDoSGV3077xSdecFVcFPIg7QaffurFwgch4RrzJBSXdeJtJcgqSlmZJrrxYpECI/RkHQNchQS5SXzNabw3CgBHAhpDtdwrv6eSFCo1CT0TWeI9EgtezPxP68b60HNSyiPYk04Xjw0iBnUAs4ygQGVBGs2MYCwpOavEI+QRFib5HImBHd55VVolYpupVi+K+frtTSOLDgBZ6AAXFAFdXALGqAJMHgEz+AVvFlP1ov1bn0sWjNWOnMM/pT1+QPPz5Q/</latexit>

s(112) = 76 = 112� 4 · 9

<latexit sha1_base64="yyqYf1z0oOxGwDw9V1TfOGEsTcg=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEi1IVlMhStC6HgxmUFe4F2KJk004ZmJkOSEcrQnRtfxY0LRdz6Cu58G9N2Ftp6IOHj/88hOb8fc6a043xbuZXVtfWN/GZha3tnd8/eP2gqkUhCG0RwIds+VpSziDY005y2Y0lx6HPa8kc3U7/1QKViIrrX45h6IR5ELGAEayP17GNVQsg9g9fQdc1lGJ5D5MAu6QsNr3p20Sk7s4LLgDIogqzqPfur2xckCWmkCcdKdZATay/FUjPC6aTQTRSNMRnhAe0YjHBIlZfO9pjAU6P0YSCkOZGGM/X3RIpDpcahbzpDrIdq0ZuK/3mdRAdVL2VRnGgakflDQcKhFnAaCuwzSYnmYwOYSGb+CskQS0y0ia5gQkCLKy9D0y2ji3LlrlKsVbM48uAInIASQOAS1MAtqIMGIOARPINX8GY9WS/Wu/Uxb81Z2cwh+FPW5w8wUpRt</latexit>

s(112) = 22 = 112� 10 · 9

<latexit sha1_base64="cipV2jCga8dDmxtqGV5+W8twLm4=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQF5ZJLVoXQsGNywr2Ae1QMplMG5qZDElGKEN3bvwVNy4UcesvuPNvzLRdaPVALodz7uXmHi/mTGnH+bJyS8srq2v59cLG5tb2jr2711IikYQ2ieBCdjysKGcRbWqmOe3EkuLQ47Ttja4zv31PpWIiutPjmLohHkQsYARrI/XtQ1VCqHICryA6ywqqwFNTYY/4QsPLvl10ys4U8C9Bc1IEczT69mfPFyQJaaQJx0p1kRNrN8VSM8LppNBLFI0xGeEB7Roa4ZAqN53eMYHHRvFhIKR5kYZT9edEikOlxqFnOkOsh2rRy8T/vG6ig5qbsihONI3IbFGQcKgFzEKBPpOUaD42BBPJzF8hGWKJiTbRFUwIaPHkv6RVKaPzcvW2WqzX5nHkwQE4AiWAwAWogxvQAE1AwAN4Ai/g1Xq0nq03633WmrPmM/vgF6yPbzHdlG4=</latexit>

s(112) = 13 = 112� 11 · 9

<latexit sha1_base64="9ymDcfjsQWcJlrIZzdVbrtHF3CI=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5aZUrQuhIIblxXsA9qhZDKZNjSTDElGKENXbvwVNy4Uces3uPNvTNtZaOuBGw7n3MvNPX7MqNKO823lVlbX1jfym4Wt7Z3dPXv/oKVEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6Ttj26mfvuBSEUFv9fjmHgRGnAaUoy0kfr2sSq5buUMXsOqKUPhOTRPDwdCw6u+XXTKzgxwmbgZKYIMjb791QsETiLCNWZIqa7rxNpLkdQUMzIp9BJFYoRHaEC6hnIUEeWlszMm8NQoAQyFNMU1nKm/J1IUKTWOfNMZIT1Ui95U/M/rJjqseSnlcaIJx/NFYcKgFnCaCQyoJFizsSEIS2r+CvEQSYS1Sa5gQnAXT14mrUrZvShX76rFei2LIw+OwAkoARdcgjq4BQ3QBBg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4Av8mUNQ==</latexit>

s(112) = 4 = 112� 12 · 9

<latexit sha1_base64="QBIlagHt1ucGFsJSBo94igSl2qg=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkaI8FLx4r2A9oY9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBJtc8r1Hb+hWvZq3AFonfkGqUKA1dL8Go5ikgkpDONa673uJCTKsDCOcziuDVNMEkyke076lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj81USPImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOulc1fzrWv2+Xm02ijjKcAbncAk+3EAT7qAFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QMKoo2Q</latexit>

100
<latexit sha1_base64="fkVqBml1BYiYDka/G6BtYrloQTk=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0mkaI8FLx4r2A9oY9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/iko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBJtc8r1Hf+hWvZq3AFonfkGqUKA1dL8Go5ikgkpDONa673uJCTKsDCOcziuDVNMEkyke076lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/Xj81USPImExSQyVZLopSjkyM8sfRiClKDJ9Zgoli9lZEJlhhYmw8FRuCv/ryOulc1fzrWv2+Xm02ijjKcAbncAk+3EAT7qAFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QMMJo2R</latexit>

101
<latexit sha1_base64="G3QjZMvFXe3yCWqug8Jaux/hnQw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpfZY8OKxgv2Adi3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m956o0iySD2YeU1/giWQhI9hkkuc+1kblilt1l0CbxMtJBXK0R+Wv4TgiiaDSEI61HnhubPwUK8MIp4vSMNE0xmSGJ3RgqcSCaj9d3rpAV1YZozBStqRBS/X3RIqF1nMR2E6BzVSve5n4nzdITNj0UybjxFBJVovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8mG4K2/vEm6tarXqNbv65VWM4+jCBdwCdfgwQ204A7a0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz8Nqo2S</latexit>

102 Figure 1.1: Example with n = 112. In
each row the boxes represent the digits
in the decimal representation (least sig-
nificant on the right). In the first row
the representation has only one digit, the
number itself. Going down, each row is
one step in the healing of the represen-
tation while maintaining the loop invari-
ant s(112) = 112− k · 9.

Obviously one could just observe that 10 ≡ 1 mod 3, so also 10k ≡
1 mod 3 and the divisibility rule follows immediately.

n = ∑
i=0

di10i ≡ ∑
i=0

di mod 3


