Schroder-Bernstein Theorem

BIJECTIONS from one-to-one functions are the topic® in this note. The
problem statement is known as the Schroder-Bernstein Theorem.

Let f : X — Y and g : Y — X be one-to-one functions. Then
there exists a bijection h : X — Y.

The given functions are one-to-one, so for subsets f(X) and g(Y)
they are already bijections. This leads to the idea of partitioning X and
Y such that we can compose a bijection & piece-wise from f and g~!
using the partitions. In particular given a subset A C X, we consider
the sets A, X\ A4, f(A), Y\ f(A) and g(Y'\ f(A)). We want subsets
A C X, such that ANg(Y\ f(A)) = @, as shown in figure 1.2. Let’s
define this as property P:

VAC X:P(A) & ANg(Y\ f(A) =0

If we have a subset A C X that satisfies P(A), then we can define
the bijection h:

h(x) = f(x) txeA
§'(x) 1xeg(Y\f(4))

The domain of his AU (Y \ f(A)), which is not necessarily equal
to X, so we are not done yet. Our goal therefore is to find a subset
A C X that satisfies P(A) and for which AUg(Y'\ f(A)) = X.

Let

A={ACX:P(A)}

be the set of all subsets of X that satisfy property P and let A be the
union of all such subsets
A= {J A

AeA
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Figure 1.1: A violates P(A)

Figure 1.2: A satisfies P(A)
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Lemma 1.1. A is the biggest subset of X that satisfies P.

Proof. First we show that A satisfies P. Assume
JyeY\ f(A)withg(y) € A

Then there exists aset A € Awithg(y) € A2. AC A,so f(A) C f(A). *Because A = Ugcn-
Therefore Y \ f(A) C Y\ f(A),soy € Y\ f(A). But this contradicts
A satisfying property P, so no such y exists. It follows that A satisfies
P too.
Assume there is a set A’ that satisfies P and that is bigger than A,
so A C A But A € Aand A = Jyecp, 50 A’ C A. That means
A=A O
With A we can define the partitions X = A® (X \ A) and Y =
f(A) @ (Y\ F(A)).
Lemma 1.2.

g(Y\f(A)) =X\ A

Proof. Because A satisfies P, we already know that
(Y \ f(A)) S X\ 4
Now assume
Jdx € X\ AsuchthatVy € Y\ f(A) : g(y) # x

But then A U {x} satisfies P 3 and is bigger than A. This contradicts 3 We have
lemma 1.1. So no such x exists and the lemma is proven. O Y\ f(AU{x}) C Y\ f(A)

SO

Vy e Y\ f(AU{x}):g(y) ¢ AU{x}

We can now define the bjection h : X — Y with

X ixeA
() = {7 _
gl (x) :xeX\A
which solves the problem in this section. 4 4The solution uses a nifty proof strat-

egy: maximize a mathematical structure
so that its “complement” has no choice
but to satisfy a certain property, ie not
satisfying the property would contradict
the maximality.
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